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Abstract
Let p1 and q0 be integers. A family of sets F is (p, q)-intersecting when every subfamily F′ ⊆ F formed by p or less
members has total intersection of cardinality at least q. A family of setsF is (p, q)-Helly when every (p, q)-intersecting subfamily
F′ ⊆ F has total intersection of cardinality at least q. A graph G is a (p, q)-clique-Helly graph when its family of (maximal)
cliques is (p, q)-Helly. According to this terminology, the usual Helly property and the clique-Helly graphs correspond to the case
p = 2, q = 1. In this work we present a characterization for (p, q)-clique-Helly graphs. For ﬁxed p, q, this characterization leads
to a polynomial-time recognition algorithm. When p or q is not ﬁxed, it is shown that the recognition of (p, q)-clique-Helly graphs
is NP-hard.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A well-known result by Helly published in 1923 [6,14] states that if there are given n convex subsets of a
d-dimensional euclidean space with n>d and if each family formed by d + 1 of these subsets has a point in common,
then the n subsets contain a common point.
This result inspired the deﬁnition of the Helly property for families of sets in general, a concept that has been
extensively studied in many contexts (see, e.g. [2–4,9,13,15,17]). We say that a familyF of sets has the Helly property
(or is Helly) when every subfamilyF′ ⊆F of pairwise intersecting sets has non-empty total intersection.
When the family of (maximal) cliques of a graph G satisﬁes the Helly property, we say that G is a clique-Helly graph.
Clique-Helly graphs were characterized via the notion of extended triangle [12,18], deﬁned as an induced subgraph
consisting of a triangleT togetherwith the verticeswhich form a trianglewith at least one edge ofT. This characterization
leads to a straightforward recognition algorithm for clique-Helly graphs with time complexity O((n+ t)m), where t is
the number of triangles of the input graph.
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The more general p-Helly property holds when every F′ ⊆ F of p-wise intersecting sets has non-empty total
intersection. Thus, the original result of Helly may be restated by simply saying that any family of convex subsets of a
d-dimensional euclidean space is (d + 1)-Helly.
In this work we focus on a generalization of the p-Helly property, by considering the intersection sizes. Following
[19,20], we require that the subfamiliesF′ ⊆ F ought to satisfy the following property: “if every collection of p or
less members ofF′ has q elements in common, thenF′ has total intersection of cardinality at least q.” This leads to
the concept of the (p, q)-Helly property for general families of sets. Such families have been studied in [10]. In this
work, we investigate the (p, q)-Helly property applied to the family of cliques of a graph, naturally conducting to the
(p, q)-clique-Helly graphs. We describe a characterization for this class and a recognition algorithm based on it. The
algorithm terminates within polynomial time, for ﬁxed p, q. Note that such an algorithm does not follow directly from
the deﬁnition of the class. Further, we prove that recognizing (p, q)-clique-Helly graphs is NP-hard, whenever p or q
is not ﬁxed.
A preliminary version of this work is [11].
2. Preliminaries
Let G be a graph. A vertex w ∈ V (G) is universal when w is adjacent to every other vertex of G. If S ⊆ V (G),
then we denote by G[S] the subgraph of G induced by S. A subgraph H of G is a spanning subgraph of G when
V (H) = V (G). A complete set is a subset of pairwise adjacent vertices. A clique is a maximal complete set.
LetF be a subfamily of cliques of G. The clique subgraph induced byF in G, denoted by Gc[F], is the subgraph
of G formed exactly by the vertices and edges belonging to the cliques ofF.
The core of a family of setsF is deﬁned as core(F) =⋂S∈F S. We also deﬁne V (F) =
⋃
S∈FS.
We say that a set S is a q-set when |S| = q, a q−-set when |S|q, and a q+-set when |S|q. This notation will also
be applied to families, cores, complete sets, cliques, etc.
The next deﬁnition is a ﬁrst step towards the deﬁnition of the (p, q)-Helly property:
Deﬁnition 1. Let p1 and q0. We say that a family of sets F is (p, q)-intersecting when every p−-subfamily
F′ ⊆F has q+-core.
By the above deﬁnition, ifF is (p, q)-intersecting (for p> 1 and q > 0) then it is also (p − 1, q)-intersecting and
(p, q − 1)-intersecting.
Now, let us state the (p, q)-Helly property for families of sets in general, as in [19,20]. This deﬁnition is a general-
ization of the usual Helly property, which corresponds to the case p = 2, q = 1.
Deﬁnition 2. Let p1 and q0. We say that a family of sets F satisﬁes the (p, q)-Helly property when every
(p, q)-intersecting subfamilyF′ ⊆F has q+-core. In this case, we also say thatF is (p, q)-Helly.
It is easy to see that if a family of setsF is (p, q)-Helly thenF is also (p + 1, q)-Helly.
The following theorem gives a characterization of (p, q)-Helly families of sets:
Theorem 3 (Dourado et al. [10]). Let p> 1 and q > 0. A family of sets F is (p, q)-Helly if and only if for ev-
ery (p + 1)-family Q of q-subsets of V (F), the subfamily {S ∈ F|S contains at least p members of Q} has
q+-core.
Now let us apply Deﬁnition 2 to the family of cliques of a graph:
Deﬁnition 4. Letp1 and q0.We say that a graphG is (p, q)-clique-Hellywhen its family of cliques is (p, q)-Helly.
In the remainder of this work, we will assume that p> 1 and q > 0, unless otherwise stated.
According to the deﬁnition above, (2, 1)-clique-Helly graphs are exactly the clique-Helly graphs.A characterization
of (2, 2)-clique-Helly graphs by means of clique-Helly graphs was described in [7].
A ﬁrst characterization of (p, q)-clique-Helly graphs is a direct consequence of Theorem 3:
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Observation 5. Let p> 1 and q > 0. A graph G is (p, q)-clique-Helly if and only if for every (p + 1)-family Q of
q-complete sets contained in a common clique C of G, the subfamily of cliques of G that contain at least p members of
Q has q+-core.
However, we will present in Section 3 a more useful characterization than the above one, in the sense that it will lead
to a polynomial-time recognition algorithm for ﬁxed p, q.
Let us analyze some containment relations involving classes of (p, q)-clique-Helly graphs by means of the following
example:
Example 1. Deﬁne the graph Gp,q as follows: V (Gp,q) is formed by a (q − 1)-complete set Q, a p-complete set
Z = {z1, . . . , zp}, and a p-independent set W = {w1, . . . , wp}. Furthermore, there exist the edges (zi, wj ), for i = j ,
and the edges (q, x), for q ∈ Q and x ∈ Z ∪ W .
The graph Gp,q contains exactly p + 1 cliques of size p + q − 1 each: Q ∪ {z1, . . . , zp} and Q ∪ (Z\{zi}) ∪ {wi},
for 1 ip.
Observe that Gp,q is (p, q)-clique-Helly, but it is not (p−1, q)-clique-Helly. Therefore, Gp,q is (t, q)-clique-Helly
for tp, and not (t, q)-clique-Helly for t <p.
Moreover, Gp+1,q is not (p, q)-clique-Helly, but it is (p, t)-clique-Helly for any t = q. Consequently, for distinct
q and t, (p, q)-clique-Helly graphs and (p, t)-clique-Helly graphs are incomparable classes.
To conclude this section, we relate Kr -free graphs and (p, q)-clique-Helly graphs. (A graph G is Kr -free when the
size of a maximum clique of G is at most r − 1.) We will show that every Kr -free graph is (p, q)-clique-Helly for
p + qr .
First, we need the following lemma:
Lemma 6. Let Q be a (p + 1)-family of q-complete sets of a graph G. If all sets of Q are contained in a common
(p + q − 1)−-complete set of G, then the cliques of G that contain at least p members of Q have q+-core.
Proof. Let Q be a (p + 1)-family of q-complete sets contained in a (p + q − 1)−-complete set C, and letF be the
subfamily of cliques ofG that contain at least pmembers ofQ. Observe that if a vertex x ofC belongs to two members of
Q, then x belongs to all the cliques ofF. We will show that there exist at least q vertices in C belonging simultaneously
to at least two members of Q, which proves the lemma.
Suppose the contrary. Thus, at most q−1 vertices ofC belong simultaneously tomore than onemember ofQ.Assume
initially that |C|=p+q−1. Then at least p+q−1−(q−1)=p vertices ofC have the property of belonging to exactly
one member ofQ. Let X be the set formed by such vertices, where |X|=p+r, 0rq−1. Observe that every member
of Q must contain at least r + 1 vertices belonging to X. This implies |X|(p + 1)(r + 1)= p + r + pr + 1>p + r ,
a contradiction.
If C contains less than p + q − 1 vertices, the same argument above could be used. 
Theorem 7. Letp, q, r such thatp> 1, q > 0, r > 1 andp+qr . If G is aKr -free graph thenG is (p, q)-clique-Helly.
Proof. Let Q be a (p + 1)-family of q-complete sets contained in a clique C of G. By Observation 5, we have to show
that the subfamily F of cliques of G that contain at least p members of Q has q+-core. Since G is K
(p+q) -free, all
members of Q are contained in a common (p + q − 1)−-complete set of G. By Lemma 6,F has q+-core. 
3. The characterization
The following deﬁnitions and lemmas will be useful.
Deﬁnition 8. Let G be a graph and C a p-complete set of G. The p-expansion relative to C is the subgraph of G induced
by the vertices w such that w is adjacent to at least p − 1 vertices of C.
We remark that the p-expansion for p = 3 has been used for characterizing clique-Helly graphs [12,18]. It is clear
that constructing a p-expansion relative to a given p-complete set can be done in polynomial time.
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Lemma 9. Let G be a graph, C a p-complete set of it, H the p-expansion of G relative to C, and C the subfamily of
cliques of G that contain at least p − 1 vertices of C. Then Gc[C] is a spanning subgraph of H.
Proof. We have to show that V (Gc[C]) = V (H). Let v ∈ V (H). Then v is adjacent to at least p − 1 vertices of
C. Hence, v together with those p − 1 vertices form a p-complete set, which is contained in a clique that contains
at least p − 1 vertices of C. Therefore, v ∈ V (Gc[C]). Now, consider v ∈ V (Gc[C]). Then v belongs to some
clique containing p − 1 vertices of C. That is, v is adjacent to at least p − 1 vertices of C, and hence v ∈ V (H).
Consequently, V (Gc[C]) = V (H). Furthermore, both H and Gc[C] are subgraphs of G, but H is induced. Thus,
E(Gc[C]) ⊆ E(H). 
Deﬁnition 10. LetG be a graph. The graphq(G) is deﬁned in the following way: the vertices ofq(G) correspond to
the q-complete sets of G, two vertices being adjacent inq(G) if the corresponding q-complete sets in G are contained
in a common clique.
Notice that q(G) can be constructed in polynomial time, for ﬁxed q. We remark that q is precisely the operator
q,2q described in [16, p. 136], and the graph 2(G) is the edge clique graph of G, introduced in [1].
An interesting property of q is that it preserves the subfamily of q+-cliques of G:
Lemma 11. (Clique Preservation Property). Let G be a graph. Then there exists a bijection q between the subfamily
of q+-cliques of G and the family of cliques of q(G).
Proof. Let C be a q+-clique of G, and let c = |C|. Consider all the q-complete sets of G contained in C. These sets
clearly correspond to a ( c
q
)-complete setC′ ofq(G).Assume thatC′ is not maximal. Then there exists x ∈ V (q(G)),
x /∈C′, such that x is adjacent to all the vertices of C′. But x corresponds to a q-complete set Q of G such that for every
q-complete set Q1 ⊆ C, both Q and Q1 are contained in a common q+-clique of G. This implies that every vertex v of
Q is adjacent to every vertex w = v of C. Since x /∈ C′, Q must necessarily contain at least one vertex not belonging
to C. In other words, C is not maximal, a contradiction. Hence, C′ is a clique of q(G) and C′ = q(C).
Conversely, let C′ be a clique of q(G) andF be the family of q-complete sets of G corresponding to the vertices
of C′. Since any two vertices of C′ are adjacent, any two complete sets ofF are contained in a common q+-clique of
G. Hence, the union of the q-complete sets ofF is a q+-complete set C of G.
Suppose by contradiction that C is not maximal. Thus, there exists a vertex u /∈ C which is adjacent to all the vertices
of C. Consider v1, v2, . . . , vq−1 ∈ C. It is clear that Q = {u, v1, v2, . . . , vq−1} is a q-complete set of G, and for every
Q1 in F, both Q and Q1 are contained in a common q+-clique of G. Since u /∈ C, Q /∈ F, and this means that Q
corresponds to a vertex x ∈ V (q(G)) such that x /∈ C′ and x is adjacent to all the vertices of C′. This implies that
C′ is not maximal, a contradiction. 
It is worth remarking that the above lemma was already shown for the case q = 2 in [1,7].
The following deﬁnition is possible due to the Clique Preservation Property:
Deﬁnition 12. Let G be a graph. IfF is a subfamily of q+-cliques of G, deﬁne q(F) = {q(C)|C ∈ F}. If C is a
subfamily of cliques of q(G), deﬁne −1q (C) = {−1q (C)|C ∈ C}.
Corollary 13. Let G be a graph,F a subfamily of q+-cliques of G, and C=q(F). Then |core(F)|q if and only
if |core(C)|1 .
Proof. Let C be a q+-clique of G. By the Clique Preservation Property, C contains a q-complete set Q if and only if
q(C) contains the vertex of q(G) corresponding to Q. Clearly that this fact is also valid for the core of families of
cliques. 
Lemma 14. Let C be a (p+ 1)-complete set of a graph G, and letC be a p−-subfamily of cliques of G such that every
clique of C contains at least p vertices of C. Then core(C) = ∅.
Proof. Trivial. 
M.C. Dourado et al. / Discrete Applied Mathematics 155 (2007) 2435–2443 2439
We now are able to present a characterization for (p, q)-clique-Helly graphs. The cases p=1 and p> 1 will be dealt
with separately.
Theorem 15. Let G be a graph, and let W be the union of the q+-cliques of G. Then G is a (1, q)-clique-Helly graph
if and only if G[W ] contains q universal vertices.
Proof. Assume that G is a (1, q)-clique-Helly graph. Consider the subfamilyF formed by the q+-cliques of G.
If w ∈ W , then w clearly belongs to a q+-clique of G. This implies that w ∈ V (Gc[F]). On the other hand, if
w′ ∈ V (Gc[F]), then w′ belongs to a q+-clique of G, and therefore w′ ∈ W . This shows that Gc[F] is a spanning
subgraph of G[W ].
SinceF is (1, q)-intersecting by hypothesis, it has q+-core. This means that Gc[F] contains (at least) q universal
vertices. Hence, G[W ] contains q universal vertices.
Conversely, assume that G[W ] contains q universal vertices forming a q-complete set Q. LetF= {C1, . . . , Ck} be
a (1, q)-intersecting subfamily of cliques of G. Then |Ci |q, that is, every w ∈ Ci is contained in a q-complete set of
G, for i = 1, . . . , k. This implies that every Ci is an induced subgraph of G[W ]. Therefore, every u ∈ Q is adjacent to
all the vertices of Ci\{u}. By the maximality of Ci , it contains all the vertices u ∈ Q, for i = 1, . . . , k. Hence,F has
q+-core, as required. 
Theorem 16. Let p> 1 be an integer. Then a graph G is (p, q)-clique-Helly if and only if every (p + 1)-expansion of
q(G) contains a universal vertex.
Proof. Suppose that G is a (p, q)-clique-Helly graph and there exists a (p + 1)-expansion T, relative to a (p + 1)-
complete set C of q(G), such that T contains no universal vertex.
Let C be the subfamily of cliques of H = q(G) that contain at least p vertices of C. Consider a p−-subfamily
C′ ⊆ C. By Lemma 14, core(C′) = ∅. This implies that C is (p, 1)-intersecting. By Corollary 13, F = −1q (C) is
(p, q)-intersecting. Since G is (p, q)-clique-Helly, we conclude that F has q+-core. By using Corollary 13 again,
C has 1+-core, which means that Hc[C] contains a universal vertex. Moreover, by Lemma 9, Hc[C] is a spanning
subgraph of T. However, T contains no universal vertex. This is a contradiction. Therefore, every (p + 1)-expansion of
H contains a universal vertex.
Conversely, assume by contradiction that G is not (p, q)-clique-Helly. LetF= {C1, . . . , Ck} be a minimal (p, q)-
intersecting subfamily of cliques of G which does not have q+-core. Clearly, k >p.
Theminimality ofF implies that there exists a q-subsetQi ⊆ core(F\{Ci}), for i=1, . . . , k. It is clear thatQiCi .
Moreover, every two distinct Qi,Qj are contained in a common clique, since k3. Hence the sets Q1,Q2, . . . ,Qp+1
correspond to a (p + 1)-complete set C in q(G).
Let C′ be the subfamily of cliques of H =q(G) that contain at least p vertices of C. Let C= q(F). Since every
Ci ∈ F contains at least p sets from Q1,Q2, . . . ,Qp+1, it is clear that the clique q(Ci) ∈ C contains at least p
vertices of C. Therefore, q(Ci) ∈ C′, for i = 1, . . . , k.
Let T be the (p + 1)-expansion of H relative to C. By Lemma 9, Hc[C′] is a spanning subgraph of T. Therefore,
Q ⊆ V (T ), for everyQ ∈ C′. In particular, V (q(Ci)) ⊆ V (T ), for i=1, . . . , k. By hypothesis, T contains a universal
vertex x. Then x is adjacent to all the vertices of q(Ci)\{x}, for i = 1, . . . , k. This implies that q(Ci) contains x,
otherwise q(Ci) would not be maximal. Thus, core(C) = ∅. By Corollary 13,F has q+-core. This contradicts the
assumption forF. Hence, G is a (p, q)-clique-Helly graph. 
4. Complexity aspects
Let p and q be ﬁxed positive integers. If p = 1, testing whether the subgraph induced by the vertices that belong to
some q+-clique of G contains q universal vertices (Theorem 15) can be easily done in polynomial time, by considering
the subgraph of G induced by the vertices contained in some q-complete subset of G.
If p> 1, testing the existence of a universal vertex in every (p + 1)-expansion of q(G) (Theorem 16) can also be
done in polynomial time, since the number of such (p + 1)-expansions is O(|V (G)|q(p+1)). Thus:
Corollary 17. For ﬁxed positive integers p, q, there exists a polynomial time algorithm for recognizing (p, q)-clique-
Helly graphs.






Fig. 1. The graph G′ for Theorem 18.
Now we will show that when p or q is not ﬁxed, the problem of deciding whether a given graph is (p, q)-clique-Helly
is NP-hard. We ﬁrst recall the following NP-complete problems [8]:
Satisﬁability: Given a boolean expression E in the conjunctive normal form, is there a truth assignment for E?
Clique: Given a graph G and a positive integer k, is there a k+-clique in G?
The NP-hardness of Clique can be proved by a transformation from Satisﬁability [8]: given a boolean expression E
with m clauses in the conjunctive normal form, ﬁrst construct the graph G(E) by deﬁning a vertex for each occurrence
of a literal in E, and by creating an edge between two vertices if and only if the corresponding literals lie in distinct
clauses and one is not the negation of the other. In addition, set k = m. Then the following applies:
Fact 1 (Cook [8]). The boolean expression E with m clauses in the conjunctive normal form is satisﬁable if and only
if the graph G(E) contains an m-clique.
Consider now the recognition of (p, q)-clique-Helly graphs, for p or q variable. Let us ﬁrst show the NP-hardness
proof when p is ﬁxed and q is variable:
Theorem 18. Let p be a ﬁxed positive integer. Given a graph G and a positive integer q, the problem of deciding
whether G is (p, q)-clique-Helly is NP-hard.
Proof. Transformation from the Clique problem. Given a graph G and a positive integer k, construct the graph G′ by
adding 2p + 2 new vertices forming a (p + 1)-complete set Z = {z1, z2, . . . , zp+1} and a (p + 1)-independent set
W = {w1, w2, . . . , wp+1}. Add the edges (zi, wj ), for i = j , and the edges (v, u), for v ∈ V (G) and u ∈ Z ∪W . The
construction of G′ is completed. Fig. 1 shows the construction, where non-edges between Z and W are represented by
dashed lines linking zi to wi .
Deﬁne q = k + 1. We will show that G contains a (q − 1)-clique if and only if G′ is not (p, q)-clique-Helly. Assume
ﬁrst that G contains a (q − 1)-clique C. Consider the following p + 1 cliques of G′:
C ∪ {wj } ∪ (Z\{zj }) for 1jp + 1.
These cliques are (p, q)-intersecting, but do not have q+-core. Therefore, G′ is not (p, q)-clique-Helly.
Conversely, assume that the cliques of G have size at most q − 2. Since G′[Z ∪ W ] is K(p+2)-free, cliques of G′
have size at most (q − 2) + (p + 1) = q + p − 1, that is, G′ is K(p+q)-free. By Theorem 7, G′ is (p, q)-clique-Helly,
as desired. 













Fig. 2. The graph G′ for Theorem 19.
Now we prove the NP-hardness in the case where q is ﬁxed and p is variable:
Theorem 19. Let q be a ﬁxed positive integer. Given a graph G and a positive integer p, the problem of deciding
whether G is (p, q)-clique-Helly is NP-hard.
Proof. Transformation from the Satisﬁability problem.Given a boolean expressionE=(E1, . . . ,Em) in the conjunctive
normal form, let us construct a graph G′, as follows.
First, construct the graph G(E) above described. DeﬁneVi as the subset of vertices of V (G(E)) corresponding to
the occurrences of literals in clause Ei , 1 im.
Next, add m new vertices, one for each Ei , forming an m-independent set W ={w1, w2, . . . , wm}. For i = 1, . . . , m,
add the edges (wi, v) where v ∈ V (G(E)) and v /∈Vi .
Finally, add q − 1 new vertices forming a (q − 1)-complete subset Z = {z1, . . . , zq−1}, and add the edges (z, v), for
z ∈ Z and v ∈ W ∪ G(E). The construction of G′ is ﬁnished. Clearly, every vertex of Z is universal in G′, and every
clique of G′ contains these q − 1 vertices. Fig. 2 shows a scheme of the construction, where the dashed lines mean that
wi is not adjacent to the vertices ofVi , for 1 im.
Set p = m − 1. We will show that E is satisﬁable if and only if G′ is not (p, q)-clique-Helly. Assume ﬁrst that E is
satisﬁable. By Fact 1, G(E) contains a (p + 1)-clique K = {v1, v2, . . . , vp+1}, where vj ∈Vj . By the construction of
G′, it contains the (p + q)-cliques
Kj = (K\{vj }) ∪ {wj } ∪ Z for 1jp + 1.
These p + 1 cliques are (p, q)-intersecting, but do not have q+-core. Thus, G′ is not (p, q)-clique-Helly.
Conversely, assume that E is not satisﬁable. In this case, by Fact 1, G(E) is K(p+1)-free. Thus, every clique of G′
contains exactly a vertex of W, since for any p−-subset S ⊆ V (G(E)), there exists at least one vertex of W adjacent to
all the vertices of S.
Let Q be a (p + 1)-family of q-complete sets contained in a common clique of G′, and letF be the subfamily of
cliques of G′ that contain at least p members of Q. By Observation 5, we need to prove thatF has q+-core. (Recall
thatF contains Z, that is, |core(F)|q − 1.)
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If V (Q) is contained in a (p + q − 1)−-complete set of G′, Lemma 6 guarantees thatF has q+-core, and nothing
remains to prove. Hence, let us assume that V (Q) is a (p + q)+-complete set of G′.
Since G(E) is K(p+1)-free, a maximum clique C′ of G′ is of size at most (q − 1)+ 1+p =p + q. Therefore, V (Q)
is in fact a (p + q)-clique of G′.
Write C′ = V (Q). Then C′ is of the form C′ = Z ∪ {wk} ∪ P , where k ∈ {1, . . . , p + 1} and P is a p-complete
set contained in V (G(E)). It is clear that the occurrences of literals corresponding to the vertices of P lie in distinct
clauses of E. This means that there is exactly one vertex v ∈ P ∩Vj , for every j ∈ {1, . . . , p + 1}\{k}. Thus, write
P = {v1, . . . , vk−1, vk+1, . . . , vp+1}, where vj ∈Vj for j ∈ {1, . . . , p + 1}\{k}.
Let v ∈ {wk} ∪ P . If v belongs simultaneously to two members of Q, then v belongs to all the members of F. In
other words, Z ∪ {v} is a q-set contained in the core ofF, as desired. Therefore, it only remains to analyze the case in
which
Q= {Z ∪ {vj }|1jp + 1, j = k} ∪ {Z ∪ {wk} }.
In this case, let us show that wk belongs to every member ofF. Suppose that some C′′ ∈ F does not contain wk .
Recall that C′′ contains a vertex wj , j = k. Moreover, vj ∈ P is not adjacent to wj . This implies that C′′ cannot
contain the member of Q which vj belongs to. Since C′′ does not contain wk , C′′ can neither contain the member of
Q which wk belongs to. A contradiction arises, since C′′ should contain p members of Q. Thus, wk indeed belongs to
every member ofF, and Z ∪ {wk} is a q-set contained in the core ofF, as desired. 
From Theorems 18 and 19, we conclude:
Corollary 20. The recognition of (p, q)-clique-Helly graphs, for p or q variable, is NP-hard.
5. Conclusions
The study of graph classes and their characterizations is an important subject in graph theory in general, and
in particular in graph algorithms. See [5]. In this paper, we have described and characterized (p, q)-clique-Helly
graphs, a class arising from a generalization of the Helly property and which generalizes clique-Helly graphs. The
characterization leads to a recognition algorithm for (p, q)-clique-Helly graphs whose complexity is polynomial,
whenever p and q are ﬁxed. In contrast, we have shown that the recognition problem is NP-hard for arbitrary
p or q.
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